PHU LUC 1
SO PHUC

Ta biét rang binh phuong ctia mot s6 thuc 1a khong am, vi vy trong trudng s thuc
phuong trinh x> +1=0v6 nghiém. Tuy nhién néu ta dua vao sb 4o i sao cho i 2o
thi phuong trinh trén tré thanh X2 i’ = (x—=1)(x+17)=0. Do d6 phuong trinh c6 hai
nghiém x = +i. Tong quat hon ta c6 thé mé rong trudng sd thyuc 1én mot truong s6 rong
hon d€ moi phuong trinh bac hai déu c6 nghi¢m.

1 CAC DANG CUA SO PHUC
1.1 Dang dai s6 ciia s6 phirc

z=a+ib,trong d6 a,beR , i?=-1.

a duogc goi la phén thuc, ky hi¢u a =Rez

b goi 1a phan 4o cta z, ky hiéu b=Imz.

Hai s6 phic z; = a; +iby, zy = ay +ib, bang nhau duogc dinh nghia nhu sau:

Z =2, & {bl b, . 8.1)

Tap hop cac sd phuc ky hiéu 1a C.
1.2 Cac phép toan trén s6 phirc
Cho hai sb phic z; = ay +iby, zy =ay +ib,, ta dinh nghia:
Z1+zp =(ay+ay)+i(b +by) 38.2)
z1zp = (ayapy —biby) +i(a1by + arby). 8.3)
Ta c6 thé chimg minh dugc (R,+,)) 12 mot truong con cia (C.+,).
S phirc z=a—ib dugc goi 12 s6 phirc lién hop voi sé phic z=a +ib.
a—ib

a’ +b?

a—ib
a’ +b?

S6 phuc c6 tinh chat ( j(a +ib) =1 nén dugc goi 1a s6 phirc nghich

dao cua s6 phitc z =a+ib, ky hidu z~' hay 1 . Vay
z
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-1 1 a—ib z

= — = = . 8.4

T Tl z 4
Tadinhnghia: zj—zp =z +(=zp)=(a1—ap) +i(by —Dy);
z 1 a,a, +bb,)+i(ab, —ab zZ,

_1.221_:( 172 12)2 (221 12): 1_2. (8.5)
Z, Z, a,” +b, Zy 2,

1.3 Biéu dién hinh hoc ciia s6 phic

Trong mit phing v6i hé toa dd vudng goc Oxy. Mbi diém M trong mit phang
hoan toan xac dinh boi toa d6 (a,b) cua nd. Mit khac mdi sé phic z = a +ib ciing duoc
xac dinh boi phan thyc ¢ va phin 4o b. Vi vy ta c6 thé dong nhit sé phic z = a +ib
v6i diém M (a,b). Do @6 cac sb phuc dugce dong nhit véi cac diém cta mit phang ma ta

goi la mat phang phirc. Phép cong clia sd phirc: zq + 25 = (ay +ay) +i(by +by) tuong

Ging v6i phép cong hai vecto OM| + OM 5 ; My(ay,by),M4(ay,by). Hai s6 phtc lién

hop v6i nhau dbi xtmg nhau qua truc Ox .

‘O—M‘ = \/a2 + b2 dugc goi 1a modun cia sb phic z=a+ib va ta ky hiéu la
‘z‘ =Va® +b°.

S6 do ¢ cua goc (Ox, OW) xéac dinh sai khac boi s6 cia 27 dugc goi 1a argument
ctia s6 phire z, ky hiéu Argz .

Néu —7 <@ <7 thi ¢ duoc goi la argument chinh, ky hiéu argz.

(

Tuong Ung gitra toa d0 Pécac va toa do cuc

,arg z) la toa d0 cuc ciia M véi truc cuc Ox.

Z

{ a=rcosQ 8.6)

b=rsing

Nguoc lai

|z|=\/a2+b2, cosq):%, sin(p:L. 8.7

a’+b a’+b°
Sb phuc z = a +ib duoc viét lai dang lwong gidc

z= |z|(cosgo+ isin @) 8.8)
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z=a+1ib

v

Tinh chét:

P o Aa|_a .
1) Zl+22221+22 5 Zl‘ZZZZl‘ZZ 5 — | ==,

N

z —

2) Rez:%, Imz = ; zeR < Z:EZRGZ;

i
3) Gia st p(z)=ay +a;z+..+a,z", aj,..,a, €R 1a da thiuc véi hé s6 thuc (xem
Phu luc 2) thi p(Z)=ay + @z +...+a,z" = p(z) . Vi viy néu z¢ 1a nghiém cua phuong

trinh p(z) =0 thi g cling l1a nghiém.

p(2),q(2) 12 hai da thirc voi hé s thuc thi @ = (@j .
q(z) \q(2)

4) VzeC ,

Z|ZO; |z|:0<:>Z:0;

5) |Zl +Zz| < |Zl| +|22

lez|:|Z1||Zz ; Zl|—|22”£|zl—22;

b

Z|2=ZE; |Z|=1 = le;
z

|Zl|

9

|Zz

7) Arg(z,z,) = Argz, + Argz,; Arg(iJ = Argz, — Argz,;
2

K

6)

8) ‘E‘:|z ; ArgE:—Argz.

Cong thuc Euler
e'® = cos@+ising (8.9)

Cong thire (6.1) duoc viét lai z = |z| ¢ goi 1a dang mii ciia sé phire.
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1.4 Luy thira ciia s6 phirc - Cong thirc Moivre

Cho sb phirc z =|z|ei‘p. Tich n lan z-....-z duogc goi 1a luy thira bac n cua z, ky
%/_/

nlan
hiéu z". ap dung phuwong phap quy nap va céc tinh chat 4), 6) & trén ta cd
Z" = |z|" (cosn +isinng).

Khi |z| =1 ta c6 cong thirc Moivre:

(cos@+isin@)” = (cosne +isinne) (8.10)
Vi du 8.1: Tim céc s6 thuc x, y sao cho:
Bilx+iy)+(1+2)(x+2y)=2+i

Khai trién va dong nhat phan thuc phan 4o ta duoc:

xX—-y=2 x=1

=
Sx+4y=1 y=-1
2z+iw=3

Vi du 8.2: Giai hé phuong trinh voi an s phuc z,w:
3z+w=1-2i

Nhan i vao hai vé cia phuong trinh thtr nhat xong cong vao phuong trinh thit hai ta

1+i 5 i -2 29,
duoc z= =4 S w=—=_ZZi.
3+2i 13 13 13 13

Vi du 8.3: a) Quy tich céac diém z sao cho |z — 2i| =3 la duong tron tam 2i ban kinh 3.

b) Quy tich cac diém z sao cho ‘Z - 21" = ‘Z — 3‘ 1a duong trung truc cua doan thang
ndi hai diém 3 va 2i.
¢) Quy tich cac diém z sao cho ‘Z + 3‘ +‘Z —3‘ =10 1a duong ellipse co tiéu diém

F1(=3,0), F,(3,0) d6 dai truc 16n 2a =10.
Vi du 8.4: Theo (6.3): (cos@+ising)’ = (cos3p+isin3¢). Mat khac
(cos@+isin)’ = cos® @ —isin’ ¢+ 3icos” @sinp—3cospsin’ @

. {cos?:(p = cos’ ([)—3COS(pSi1’12 0= 4cos’ @—3cosQ
Vay

sin3¢ = 3cos” @sin @ —sin® ¢ = 3sinp—4sin’ @
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10
Vi du 8.5: Tinh (—1+J§i)
10 2 22\ 20 20
(—1+\/§i) :{2(cos%+isin7ﬂﬂ =210(cosTﬂ+isinTﬂj

=20 (cosz—ﬁﬂ'sinz—ﬂj =210 —l+i£ =2’ (—1+\/§i)-
3 3 22

1.5 Cin bac n cua so phirc

Can bac n ctia sO phitc z 1a s0 phic w sao cho w" =z. Ky hiéu w=4z hay
1

w=z",
Cho z =|z|(cos@+ising) =|z|e"
*) Néuz=0thi w=4z=0 Vn=12,..

**)Néu z#0. Xét w:|w|(c0sw+isin\|/):|w|ei“’ thi

8.11)

[ =3l
w =z <&

y =R ol

Vay c6 ding n can bac n cua z Ung voi cac gia tri k£ =0,1,...,n—1. Cac can bac n
nay la cac dinh cta n giac déu ndi tiep duong tron tdm O ban kinh ,"/|z| .
Vi du 8.6: Tinh can bac n cua don vi.

Tacd 1=cos0+isin0. Vay cac can bac »n cua 1 la:

k2m
2 . k2 —=
sk:cosgﬂ'smk—n:e "5 k=0,1,..,n—1. (8.12)

n n
Vidu8.7: Tinh 3/(-2+2i)

Tacd —2+2i:2\/§(cos37”+isin37ﬁj.

Vay 3/(_2 + 21’) = \/E(COS%(:ST”-F kzﬂj +isin%[%+k2ﬁn;
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k=0: wozﬁ(coszﬂ-isinzj:lﬂ';
4 4

k=1: wlzﬁ cosll—ﬂ+isin11—ﬂ ;
12 12

k=2: W2=\/§ cos19—ﬂ+isin19—7[ =2 coss—ﬁ—isins—ﬂ :
12 12 12

v
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PHU LUC 2
DA THUC

1 Da thirc trén m{t vanh nguyén

Cho K la mot trong cac tap s6: K=Z,Q,R, C hay Zp )

V6i mdi diy (ag,dp,...dp,..) cac phan tt a,eK. Biéu thic
p(x)=ay +ax+..+a,x", a, #0 duoc goi 1a da thirc bic n cua bién (hay 4n) x. Cac

sO ag,ay,...,a, dugc goi la cac h¢ s cua da thirc.

Néu ay =a; =...=a, =0 thi ta duoc cic da thirc khong va cling ky hiéu 1a 0. Tap

hop céc da thuc bién x véi hé sb thudoe K duoc ky hi¢u la K [x]
Céc da thuc duoc ky hi€éu p(x),q(x)...
Hai da thitc p(x)=ay +ax+...+a,x", a, #0; g(x)=by +bx+...+b,x", b, #0
Hai da thire p(x),¢(x) bang nhau duoc ky hiéu va dinh nghia nhu sau:

=n

p(x) = g(x) & {’” 8.13)

a, =by,...,a, =b,
2 Vanh da thire
Trong tap K[x], gia st p(x) =ay + ax + ...+ a,x", a, #0
g(x)=by +bx+..+b,x", b, #0
Ta dinh nghia tong p(x) + g(x) va tich p(x)g(x) cua hai da thic p(x), ¢(x) nhu

sau: p(x) +q(x) = (ay +by) + (@, +b)x + (ay + by )x* +....

k
p(X)q(x)=cy+ex+..+c, X", ¢ = Zajbk_j , k=0,1,...,n+m (8.14)
=

Véiquy ude a; =0 néu j>n va b;=0 néu j>m.
Ta c6 thé chuing minh dugc (K [x] ,+,-) la mot vanh nguyén.
bac( p(x) +¢g(x)) < max (bac p(x),bacq(x)) 8.15)

bac(p(x)g(x)) < bac p(x) +bacg(x). (8.16)
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3 Phép chia da thirc - Nghiém

Pinh 1y 1: V&i hai da thic bat ky p(x), g(x); g(x)#=0 déu ton tai duy nhat hai da thirc
s(x), r(x) sao cho p(x)=g(x)s(x)+r(x) vanéu r(x)#0 thi bacr(x)<bacg(x).
Vidu8.8: 2x° +3x% = (x? +2x+5)(2x° —4x? —2x +27) — 44x—135

Pinh nghia 1: »(x) dwoc goi la dir ciia phép chia p(x) cho q(x). Néu r(x)=0 thi ta néi
p(x) chia hét cho q(x) hay q(x) la uéc ciia p(x).

Pinh nghia 2: S6 ¢ € K thod médn p(c) = ay +a,c+...+a,c" =0 duoc goi la nghiém cua
da thirc p(x)=ay+ax+...+a,x".

Dinh 1y 2: Du cua phép chia p(x) cho x—c 1a p(c).

Heé qua 3: cla nghiém cua da thuc p(x) khi va chi khi x—c 1a uéc cia p(x), nghia la
p(x)=(x=0)"s(x).

Néu p(x)=(x—c) s(x) (k nguyén, k>1) va s(c)#0 thi ¢ duoc goi ld nghiém
boi k cua da thuc p(x).

Dinh nghia 3: Da thic p(x)eK [x] dwoe goi la bdt kha quy néu bac p(x)>1 va néu

p(x) = q(x)s(x) thi mét trong hai da thire q(x), s(x) la hang s6 khac 0 cua K, nghia la
p(x) chi chia hét cho kp(x), véi k e K \{0}. Chang han: Moi da thiic bac nhat 14 bat kha
quy. Pa thirc bac > 2 bat kha quy khi va chi khi né v6 nghiém trong X .

Pinh Iy 4: Moi da thirc bac > 1trén trudng sd phirc C déu c6 nghiém.
Hé qua 5: Moi da thic p(x)=a, +a,x+...+a,x" € C[x] déu c6 thé phan tich thanh

p(x)=a,(x—x))...x—x,), trong do cac sO phtrc x; co thé trung nhau.

Hé qué 6: Moi da thirc hé sb thuc p(x) =ay + ax +...+ a,x" €R[x] c6 thé phan tich
thanh tich cac da thuc bat kha quy 13 da thirc bac nhat hay da thirc bac 2 co biét thic A

am: p(x)=a, (x* + bx + DR+ b, x + cm)km (x— xl)l1 (X=X, )IS
Vi b —dc; <0, j=loum; 2k +.4 2k, + 1+t =n.

4 Uéc chung 16n nhit, nguyén té cing nhau

Pinh nghia 4: Néu hai da thire p(x), q(x) ciing chia hét cho da thirc d(x) thi d(x)

dwoc goi la wée chung ciia p(x), q(x). Ngodi ra néu moi wéc cia p(x), q(x) déu la wéc

cua d(x) thi d(x) goi la woc chung lon nhdt cia p(x), q(x). Ky hi¢u:
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d(x) =UCLN(p(x),q(x)).
Néu d(x) la hang sé khdc khéong thi p(x), q(x) dwoc goi la nguyén té cing nhau.
Ky hieu (p(x),q(x))=1.
Chu y rang d(x)=UCLN(p(x),q(x)) xac dinh duy nhat sai khiac mot hang sé khéac
0. Nghia la

d(x) =UCLN(p(x),q(x)) < kd(x) =UCLN(p(x),q(x)), v6i k € K \{0}.
bé tim UCLN(p(x),q(x)) ta thuc hién phép chia Euclide nhu sau:
> Giasu bac p(x) > bacg(x) thi p(x) = g(x)s,(x)+r(x), bacr (x) <bacq(x).
> Néu 71(x) =0 thi g(x)=UCLN(p(x),q(x));
> Néu 71(x) # 0 lap lap qua trinh trén ddi véi g(x) va 1 (x)
q(x) =n(x)s2(x) + 1 (x);
> Néu 7y (x) # 0 thi 02 bacry(x) < bacrn(x).
> Tiéptuc... 7p_n(x)=rr_1(x)s;(x)+ 7 (x),
Te—1(x) = 1 (X)s 1 (x) + .
= UCLN(p(x),q(x))=UCLN(q(x),n(x))=...=UCLN(r;.(x),c).
= Néu ¢ =0 thi 7. (x) = UCLN(p(x),q(x)),
= Néuc#0 thi (p(x),q(x))=1.
Dinh Iy 7:
1) d(x)=UCLN(p(x),q(x)) khi va chi khi tdn tai cac da thic u(x),v(x) sao cho
p(x)u(x)+q(x)v(x) =d(x).
2) (p(x),q(x))=1 khi va chi khi t6n tai cac da thic wu(x),v(x) sao cho
p(xX)u(x)+g(x)v(x) =1.
Binh v 8:

1) Hai da thuc p(x),q(x) e (D[x] ctia truong s6 phic 13 nguyén t6 cung nhau khi va
chi khi khong c6 nghiém chung nao.

2) Hai da thuc p(x),q(x) e R[x] trén truong sb thuc nguyén té ciing nhau khi va chi
khi ching khong c6 nghi¢m thuc hay nghiém phtic chung nao.
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Hé qua 9: p(x),q(x) 14 hai da thirc trén trudong sd thuc hay sb phire thi:
(P(x).q(x))=1 < (p"(x).q"(x))= 1. v6i moi s6 nguyén duong m, n.

Cha_y: Céac da thac bat kha qui v6i hé sb ung véi bac cao nhat bang 1(vi du:
x—c;x* + px+q,p? —4q <0 ) dong vai trd nhu cac sb nguyén t6 trong vanh Z . Vi vay
ta c6 thé chuyén mot cach twong ty cic két qua trong vanh sb nguyén Z sang vanh
nguyén cac da thic K [x] Chang han dé tim d(x)=UCLN(p(x),q(x)) ta phan tich p(x)
thanh tich cac da thic bat kha qui. Khi d6 d(x) bang tich cac da thirc bat kha qui c6 mat
ddng thoi trong p(x) va g(x).

Vi du 8.9: p(x)=(x=2P (x+1) (x2 +2x + 3)3

g(x) = (=3 (x +1)°(x? + 23+ 3)

= d(x)= x+1 2(x2 +2x+3).
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