CHUONG 1V: PINH THUC

CHUONG IV
PINH THUC

Ma tran va dinh thirc ngdy nay luén di lién v6i nhau va ai ciing nghi 1a khai
niém dinh thic phai ra doi sau khai niém ma tran, nhung su thuc nguoc lai. Pinh thirc
hinh thanh 12 nham dé giai cdc hé phuong trinh tuyén tinh ma viéc lam nay da c6 mot
lich str 1au doi trude do.

Khai niém dinh thtc 1an dau tién duoc Leibniz (Lépnit) dua ra vao nam 1693
khi ban dén viéc giai hé phuong trinh tuyén tinh. Dinh thirc duoc tiép tuc phat trién va
nghién ctou qua cac cong trinh cua Cramer (Corame) (Thuy si), Vandermonde
(Vandécmong) (Ha Lan), Laplace (Phap), Jacobi (ia-co-bi) (Puc)... Ngudi dau tién
nghién ctru khai niém dinh thirc mot cach hé thong 1a Cauchy (C6-si) (Phap).

Ngoai tmg dung dé giai hé phuong trinh tuyén tinh, dinh thirc con duge sir
dung dé nghién ctru nhiing van dé cta ma tran nhu: ma tran nghich d4o, hang cua ma
tran, tim gia tri riéng... Khdo sat tinh chat doc 1ap ctia mot h¢ véc to. Pinh thuc Jacobi
duoc st dung trong phép ddi bién sé cua tich phan nhiéu 16p. Pinh thirc Wronsky
(vrong-xki) dung dé kiém tra tinh chat doc lap tuyén tinh cua céc nghiém cta phuong
trinh vi phan tuyén tinh thuan nhat.

Pinh thirc ciia mot ma tran vudéng duoc dinh nghia bang téng cia tat ca cac sd
hang c6 dugc bang cach 14y tich cua cac phan tir trén tat ca cac hang nam trén cac cot
khac nhau cta ma tran va nhan v6i dau ctia hoan vi twong tmg. Tuy nhién khi tinh dinh
thire ta thuong sir dung céc tinh chat ctia n va phuong phép khai trién theo hang, theo
cot hodc nhiéu hang, nhiéu cot (Pinh 1y Laplace).

Pé dinh nghia dinh thuc ta sir dung khéi niém phép thé d6 13 mot song anh tir
mot tip ¢ n phan tir vao chinh nod, anh cua phép thé 13 hoan vi. Khai niém phép thé,
hoan vi ta da gap ¢ chuong 1, trong muc giai tich to hop.

Trong chuong ndy ta xét dén hai ung dung cua dinh thirc d6 1a tim ma tran
nghich dao va tim hang ctia ma tran bang cach tinh cac dinh thirc con. Trong chuong 5
ta s& tng dung dinh thirc dé giai hé phuong trinh tuyén tinh. Trong chuong 6 ta s& ing
dung dinh thirc dé tim gié tri riéng ctia ma tran hodc tu dong ciu tuyén tinh.

Trong chuong 3, ta dd chi ra rang tap cic ma trdn vudng cung cap v6i phép
cong ma tran va phép nhan ma tran Ia mgt vanh c6 don vi nhung khong nguyén, do do
n6 khong phai 13 mot truong. Vi vy ton tai nhitng ma tran vudng khac ma tran khong
va khong kha nghich. Str dung tinh chét dinh thirc cta tich hai ma tran bang tich hai
dinh thtrc ctia hai ma tran nay, ta chung minh dugc diéu kién can va du dé mot ma tran
kha nghich 13 dinh thirc cta né khac 0. Dong thoi ta co cong thire tinh ma tran nghich
dao bang nghich dao cta dinh thirc nhan véi chuyén vi cia ma tran phu hop.

87



CHUONG 1V: PINH THUC

Hang cua mdt ma trdn bang cap cao nhat cia dinh thirc con khac 0 chira trong
ma tran.

Vi vdy yéu cau cia chuong nay 1a phai nim vimg duoc dinh nghia dinh thirc
clia mdt ma trn vudng, cac tinh chit cua dinh thirc va cac phwong phép tinh dinh thirc.
Tu d6 c6 thé tinh toan thanh thao dinh thirc ctia cac ma tran thong thuong, van dung dé
giai cac bai toan vé ma trin nghich déo, vé hang ctia ma tran.

Ngoai phuong phép sir dung dinh thire ta ¢ thé sir dung phuong phap Gauss-
Jordan dé tim ma tran nghich dao, thuc chit cua phuong phap nay 1a st dung phép
bién d6i so cap 1én cac hang cta ma tran.

4.1 HOAN VI VA PHEP THE

Pinh nghia 4.1:

1) Moi song anh o : {l, 2,...,n} — {1,2,...,n} dwoc goi la mot phép thé bdc n.

Ta thuong ky hiéu mot phép thé bang mot ma tran c6 hang thir nhat 13 cac sd
1,2,...,n sap theo tht ty ting dan con hang thi hai 13 4nh cua no:

1 2 .. n
O =
o(l) o(2) .. o(n)
2) Anh ciia mét phép thé dwoc goi la hodn vi. V&i phép thé o ta c6 hoan vi

tuong trng

[G(l) c(2) .. G(n)].

3) Ddu ciia phép thé:
Mdi cip i < j ma o(i) > o(j) dugc goi 1a mot nghich thé clia phép thé o.
Gia st k 13 sb cac nghich thé cua o, ta dinh nghia va ky hiéu ddu cta phép thé o 1a
Sgno = (—l)k 4.1)

Nhu vay phép thé 1ay dau + hodc — néu sb cac nghich thé twong tng 13 chin hoic
1¢.

Ta dé dang kiém ching duogc rang tip cac phép thé bac n véi luat hop thanh 1a
phép hop cua hai dnh xa tao thanh mot nhém khdong giao hoan, goi 1a nhom doi xung
bdc n, ky hi¢u S, .
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Trong chuong 1 ta da biét tap S n c6 ding n! phan tir. Chang han S, c6 2 phan
tir, S3 c6 6 phan tir ...

, 1 2 3 ,
Vi du 4.1: Hoan vi [1 3 2] umg v6i phép thé o = L ; 2} c6 mdt nghich thé 1a

¢ap (2, 3). Vay sgno=(-1)' =—
Pé tim sb cac nghich thé k cua phép thé o ta thuc hién cac bude sau:

Trong hoan vi [6(1) ©(2) .. o(n)] 6 j la gid tri sao cho o() =1.

¢ Goi k;1a so cac sb trong [o(1) o(2) ... o(n)] ding trude o(i)) =1; (k12 sd
cac nghich thé tng voi 1).
¢ Xo4 sb o(iy) =1, ton tai i, sao cho o(i;) =2, goi kyla sd cac sb con lai trong

[6(1) ©(2) .. o(n)]ding trude o(iy) =2; (ky1a sO cac nghich thé ing véi 2).
¢ Xoasd o(ip) =2 va tiép tuc dém nhu thé ...
Cudi cung s6 cac nghich thé cua o la:
k=k+ky+..+k,
Vidud.2: )Hoanvi [3 4 2 1]c6 k=3, k=2, k3=0.
Vay k=k +ky+k;=3+2+0=5 do d6 sgno = (-1)° = -
2)Hoanvi [4 2 5 1 3]c6 k=3, ky=1,x0al,2 =k =2,k4=0.

Vay k =k +ky+k;+ky =6 do d6 sgno=(-1)° =1

Tinh chit 4.1:

1) Cap (i,j),i# j la mot nghich thé ctia phép thé o ( nghia 1a i< va

o(i) > o()) khi va chi khi ddu cia ————2 o) ~o()) bang —1. Vay
i—j

sgno= [ dau (G(’) G(J)j 4.2)

I<i#j<n J

2) Phép thé chuyén vi 6 =[iy j,] 1a phép thé chi bién déi hai phan tir iy, j,

cho nhau va gilt nguyén c4c phan tir con lai:
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1 2 ... iy .. Jo ... n
o= 0 N 43)
I 2 .. jo o iy .. n
Dé dang tinh duge: & =... =k 1=0, ki =jo—ip,
ki0+1:"':kj0—1:1’ kjo :...:kn:() = k:2(j0_i0)—1

Viay sgncs:(—l)k =-1.
3) Vé6imoi o,ues,:

sgn(co) =sgnosgnpl. 4.4)

That vay, khi (i, j) chay khip tap {1,2,...,n}><{1,2,...,n}\{(1,1),...,(n,n)} thi
(u(i),u(j)) ciing chay khip tap nay. Do dé:

- [T aa dﬂ—c(f)j: i (cm(i»—cmm)]
e 1sl'1¢_j['s;1 au[ =] lSu(i)];!(j)Sn - n(@) — ()

1=J

R G(M(i))—c(u(j))j_
L1 au( () 1))

1<i=# j<n

~ senosann= [] déiu(c(“(i)) —o(u() | 8 da,u[},t(i)— u( j)J

1<i# j<n @) = (/) 1<i# j<n i=J

: =sgn(cop) .
1=

< | o(u@)—o(u(y)
= dau
131’1;[5;1 [ -

4) Vi moi phép thé chuyén vi [iy jy] (xem 4.3) va phép thé o:

sgncso[io jo] =—sgno.

4.2 PINH NGHIA PINH THUC

Trudce hét ta lién hé dén khai niém dinh thie cip 2 di biét khi giai hé phuong

. L ax + by =c
trinh tuyén tinh

a'x+b'y=c'

a b

a' b

D=

1 1 ¢ b ' 1
=ab'-ba', D, = o b =cb'-bc', Dyz

Cac dinh thie nay duoc xac dinh 12 tich 2 phan tir cia dudng chéo tht nhat trir
tich 2 phan tir ciia duong chéo thu hai.
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- . A a a A X \
Nhu vay dinh thirc cia ma tran 4 = { 1 12} vuong cap 2 1a
a,, a
21 492
a4
‘A‘ = = 6111022 — (1126121 (4.5)
drp A

, ‘ 1 2 1 2
Mat khac nhom doi xtmg S ¢6 2 phan tr 1a o) = L 2} va o, = {2 J co
dau sgno; =1, sgno, =—1 . Vay (4.5) c6 thé viét lai

ap  ap

|4|= = ay1ay; —appdy

dyy dp

=S8N0 A5 (1)%26,(2) T 58107 A5, (1)%20,(2) = Z SgNGC di5(1)326(2) -
ces,

Mo rong két qua ndy ta co dinh nghia dinh thirc cia ma tran vudng cip n bét
ky nhu sau:

Dinh nghia 4.2: Dinh thirc cua ma trgn vuong A= [aij] dwoc ky hiéu la
nxn

det A hay ‘A‘ va dinh nghia boi biéu thirc:

det 4 = Z Sgnao - alG(l)...anG(n) (4.6)

ces,

Nhu vy dinh thirc cia ma trdn vuong 4 = [aij} 1a téng tat ca cac tich gdbm n
nxn

phan tir trén n hang ma ¢ trén n cdt khac nhau cua ma tran 4 va nhan vdi dau cua
phép thé tuong Ung.

Vi du 4.3: Nhom dbi xting S5 ¢6 6 phan tir 1a (xem vi du 1.23 chuong 1)

1 2 3 1 2 3 1 2 3
G]: 962: 763: s

1 2 3 2 3 1 31 2

1 2 3 1 2 3 1 2 3
Gy = s » 05 = . Og =

1 3 2 3 2 1 2 1 3

c6 dau sgno; =sgnoc, =sgnoz =1, sgno, =sgncs =sgncg =—1 . Vay

app dip 43

dyr dppp 43| = Z SEN G d15(1)%26(2)%36(3)

a3 ayp  ay| O
= 4114033 T a1p073031 T A1307193) (4.7)

—apd)3dsy —djpdp a3z — d13dpdzy -
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2 5 x
Vidud44:3 v 4/=12y+3x+20z—xyz—-8-90=3x+12y+ 20z —xyz—-98.
z 1 6
dir 412 43 - dyy
ary dnz e Qoy
Vi du 4.5: Tinh dinh thitc D, = azy .. az,

o .

n} 6 sgno =(—1)0 =1.
n

2

. 1
Xét phép thé o = L 5

Véi moi ce S, néu o # o, thi ton tai k sao cho o(k)#k = ton tai k' sao

cho G(k') <k' = ak'G(k') =0 = alG(l)...anG(n) =0. Véy

D, = Z SEN G - Ay (1) Apg(n) = SN O A 1--lpy = Ay 1oy - (4.8)
ces,

Tuong tu

. Q
dy1 an

' = —
D'y =laz; a3y a3 =apy..-Ayy . 4.9)
Ay Ay Ayy ... Ay,
O u
Ay n-1  42p
Vidu 4.6: Tinh dinh thtc D", = -' : :

al’l—l,z Ay _1n

al’ll Clnz ann

n n-—

. |
Xét phép thé o :{ . ﬂ thod man oy(k)+k=n+1, Vk=1,..,n.

Ta dé dang tinh duoc
kl =n—1, kz =n—2,...,kn_1 =] = k=1+...+(n—l)=n(n—1)/2
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= sgno; =(=1)""2 . Mit khic véi moi ce S, néu o # o, thi tn tai k sao

ChO G(k)+k <n+l = akG(k) =0 = alc(l)...anc(n) =0.

Véy D"n = Z Sgnc-alc(l)...anc,(n) =8gnao;j - anl...ak’n_k...aln

ces,
= ()" D2 ay ey (4.10)
Tuong tu
Qi 4 e g1 Qi
drp dpp - Aoy
p" = i = (D" ey, (@11)
anl Q
2 a b c
i 0 -7 d e
Vidu 4.7: =2-(=7)-(-1)-3=42.
— 10 0 -1 f
0O 0 0 3
4 _2 X 3><2
Vidud8: 3 y 0/ =(-1)2 xyz=—xpz.
z 0 O

Vi du 4.9: Gia sit 4 12 ma trdn vudng cap n c6 tinh chit trén mdi hang mdi cot co
dung mot phan tir bang 1 con cac phan tir con lai déu bang 0. Tinh dinh thic cua A.

Gidi: Trén hang thtr i c¢6 phan tir duy nhat trén cot Ji bang 1 con cac phan tir con lai
déu bang 0. Vi mdi cot co6 ding mot phan tir bang 1 nén cac phan tir J; ung voi cac

hang khac nhau 13 khac nhau, n6i cach khac [ j; j, ... j,] 1a mot hoan vi cua {1, ..., n}.

1 2 - n
Ky hiéu o, :{ o ) } thi det(4) =sgno .
S J2 0 Un

Pinh nghia 4.3: Dinh thuc cua ma tran A= [aij] cua hé véc to {vl,...,vn} ung voi

nxn
co s¢ B trong khéng gian véc to n chiéu V dwoc goi la dinh thirc ciia hé véc to

{vl,...,vn} trong co s¢ B va ky hiéu Dy {vl,...,vn}. Vay

Dy {Vsev, ) = det 4. (4.12)
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Vi du 4.10: H¢ véc to v =(2,4,1), v, =(3,6,-2), v =(=1,5,2) ¢6 ma tran trong co so&

2 3 -1
chinhtic Z cuta R’ 1a 4={4 6 5
1 2 2

Vﬁy Deuﬂ {Vl,Vz,V3} =det4=49.

4.3 CAC TiNH CHAT CO BAN CUA PINH THUC

Tinh chit 4.2:

1) Néu dbi chd hai hang ciia ma tran thi dinh thirc d6i dau:

a; néu i# k,m

_ [ ' [ ~ . 3 [
A—[aij}nxn, A _[a"f}nxn’ a'y =qa;; néu i=m thi detA4'=—det 4.

ay; néu i=k

Thét Vay: detA'= Z Sgno-a '16(1) ...a 'kG(k) .a ‘mc(m) ...a 'I’lG(I’l)

ces,

Z Sgnao- alc(l)...amc(k)...akc(m)...anc(n)
ces,

= Z Sgno - alc'(l)...akc.(k)...amc.(m)...anc.(n)
ceSs,

= - Z SgnG" alc-(l)...amc.(k)...akcv(m)...ancv(n) = —detA
c'es,

trongdd o'=oce[k m].

a b c a" b" c"
Vidud.11l: |a' b' c'|=—|a' b' c'|.
a" b" C" a b C

2) Pinh thirc ¢6 tinh chat tuyén tinh d6i voi mdi hang:

Cho hai ma trén 4 = [aij ]nxn, B = [bl.j

} va ma tran C = [cy] c6 hang thu
nxn nxn

k 1a t6 hop tuyén tinh ctia hang thit k cia 4 va B, cac hang khac hang thtr & cua ba

ma tran nay bang nhau.
cji = ay; =bl-j néu ik

~ \ l
Nghia la / / . ..
Clg':aalg'+Bblg'; véimoi j=1,..,n.

thi detC=oadet4+pBdetB.
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Thét V;ﬁy: detC = Z SgnG-Clc(l)...ckc(k)...cm(n)

ceS,

= Z sgnc-alc(l)...(aakc(k) +Bbk6(k))...am(n)

ces,

= Z Sgnao - alc(l)...akc(k)...am(n) +B Z sgnao- b]G(l)"'ka(k)"'bnG(n)

ces, cesS,
=oadetA+PdetB.
a b c a b ¢ a b ¢
Vidu4.12: a' b' c' =ala' b' c'|+Bla" b' c'|.
(X.Cll + Ba2 (X.bl + Bbz (X.Cl + BC2 al bl Cl a2 b2 Cz

3) Tir 1) va 2) suy ra rang trong mot dinh thirc c6 hai hang ty 18 thi dinh thirc
bang 0.

4) Néu ta cong vao mot hang mot t hop tuyén tinh cac hang khac thi dinh thirc
khong thay doi.

5) Pinh thtrc ctia ma tran Chuyén Vi béng dinh thirc cua ma tran do:

vy o _ [ ) v s 3 r_
Gia su A—[aij]nxn, A _[aij}nxn’ aij—aﬁ,z,]—l,...,n thi detA4 =detA.

detAt = Z sgnc-a'lc(l)...a'kc(k)...a'm(n) = Z Sgnc-ac(l)l...ac(k)k...ag(n)n

cesS, ces,

= Z Sgnao- 6116_1(1)...ak6_1(k)...an0_1 (n)

ces,

_ -1 _
= Z SENG -y ot gy ey 1 ey () =det 4

ceSs,

Vi sgno =sgn o L.

' n

a b ¢ a a' a
Vidu4.13: |a' b' c'|=|b b' b"|.

a" b" c" C Cl C

6) Tir 5) suy ra rang cac tinh chit cua dinh thic dung véi hang thi cling dung
v6i ¢t va nguoc lai. Vi tinh chét nay tat ca cac két qua cua dinh thic dung ddi véi
hang c6 thé chuyén thanh tinh chat diing d6i v6i cot. Chang han, tinh chét 4) chuyén
thanh tinh chat dbi voi cOt nhu sau: néu ta cong vao mot cOt mot td hop tuyén tinh cac
cot khac thi dinh thic khong thay d6i.

7) Pinh thirc ctia moi hé n véc to phu thudc tuyén tinh cua khong gian véc to n
chiéu déu bang 0.
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C_lll e Ay
8) det(A)(modp)= D sgnodgny.-duony =| : - (4.13)
ceS - -
" anl Ann
Vidud1d: A=|a;]| voi a5 =11
T .. 1
det(4)(mod2)=|: "-. |=0(mod2) = detA chan.
1T .1
a 1 1 .. 1| |a+n-1 1 1 .. 1
l a1 .. 1| a+n-1 a 1 .. 1
Vidud.15: D,=|1 1 a .. l|=la+n-1 1 a .. 1
I 11 ... a a+n—-1 1 1 .. a
(cOng cac cot vao cot 1)
1 11 ... 1 1 O 0O .. O
1l a 1 ... 1 l a-1 0 .. O
=(a+n-D|1 1 a .. l|=(@+n-D|I 0 a-1 .. 0
1 1 1 ... a 1 0 0 .. a-1

= D, =(a+n—-1)a-1)"",

4.4 CAC CACH TiNH PINH THUC

4.4.1 Khai trién theo hang, theo cot
Néu ta nhom theo cot thir j cong thire (4.6) thi ta dugc:

detA=aj;| D, SENC Are()d36(3)no(n) | *
ceS,,.o(l)=j

+(12j Z Sgnao- 010(1)030(3)...61,16(”) +...+
ceS,,0(2)=j

Tay; Z SN G - A15(1)%25(2) - Fn-1o(n-1) |-
cesS, ,o(n)=j
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Vi vay dinh thtrc cua ma tran 4 duoc viét lai dudi dang

dCtAZCllelj +...+ClnjA 4.14)

nj
goi 1a cong thirc khai trién ciia A theo cot thit j.
Aij duogc goi 1a phan bu dai sb cua aj; .

Dinh Iy 4.3: Ky hiécu M ij la dinh thuc cua ma tran ccfp n-1 co duwoc bcing cach xoa

hang i cot j cua ma tran A thi
Ay = (D" My, 4.15)

Chiing minh: Trudce hét ta chimg minh 4, = M. Taco:

All = Z Sgno 6126(2)...61},16(”) = Z SgnG' aZGV(Z)...anG.(n) = Mll

ceS,,o(1)=1 c'eS,

véi G'=G‘{2 ) 1a phép thé trong tap hop {2.....n}.

Truong hop 4;; bét ky, ta thyc hién i-1 1an d6i chd cac hang va j-1 1an doi chd
céc cot dé dua vé hang 1 cot 1.
Dods Ay =(-D""* D, = (1" M,

Cong thirc khai trién theo hang i duoc suy tir tinh chét 3.7: 6)
det 4 = ailAil +...+ ainAin (4.16)

Nhin xét 4.1: Cong thirc khai trién theo cot thr j (4.14) va cong thire khai trién theo
cot I (4.16) cho phép tinh dinh thirc cip n theo tong cac dinh thirc cip n—1 dang

a;4;;, trong do viéc chon hang thir i va cot thu j la tuy y. Néu & hang thtr i hodc cot j

ma a; =0 thi a;4; =0. Vi vy dé tinh dinh thirc ta thirc hién cac budc sau:

+ Chon hang i hoac cot j co nhiéu phén tor bé“mg 0 hoic dé triét tiéu.

+ Thuc hién cic phép bién d6i (cong vao mdt hang mot o hop tuyén tinh cac
hang khac) dé triét tiéu cac phan tir trén hang (hodc cot) da chon.

+ Khai trién theo hang hodc cot da triét tiéu.
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-1 + c3 —> c3

1 2 3 4 1 2 2 2
—201 + cyq - Cy4
1 0 1 2 1 0 O
Vidu4.16: D= =
3 -1 -1 O 3 -1 4 -6
1 2 0 -5 1 2 -1 -7
2 2 2
Khai trién theo hang tht 2 ta dwoc D = (-=1)>"1-1-|-1 -4 —¢|.
2 -1 -7

Tiép tuc triét tiéu hang thir nhat cua dinh thirc trén ta co

2 0 0
D | -3 5= 7 (=2)( 3)1 - 6(=9 +5)=-24
s 3 o -3 -9 1 -9

4.4.2 Pinh Iy khai trién Laplace (theo k hang k cot)

T ma tran A:[aij} tadéy k hang: i, <..<i, va k cot: j, <...< j,.
nxn

Giao cua k hang k cOt nay 1a mQt ma tran cép k . Pinh thttc cia ma tran nay

duoc ky hiéu 1a MZ{I ’"';.Zk .

Néu tir ma trin A ta xoa di k hang i]5.-5 i V& k cOt j],..., ji thita c6 ma tran

con cip n —k . Pinh thirc cia ma tran nay dugc ky hiéu la M {1 oIk gy

1seeolk

Aijl,...;zk _ (_1)11 RaPO o e o A It oy 4 j\_lljl,,lzk (4'17)
j ERXXD) 15005

duoc goi la phén bu dai s cua Ml.]1 ""l’.]k .
1oe-5lf

dyy dpp dp3 dyy ;25
Vidud4.17; A=|a @ a a a>
yidua4a.l/ ENRINE PV KR
g1 A4p Q43 A4 Qys
| 451 dsp ds3  dsq  dss |
a a
M1235 _|%2 s
a3y  dzs
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dry dp3 dpy dyy dp3 dpy
1+3+2+5 _
13 P = (1) Aqp Qg3 Qgq|=—|A41 A43 A4y
ds; ds3  dsy ds; ds3 dsy

Dinh ly 4.4 (Laplace):
1) Khai trién & hang i, <...<i,:

— ]17 7]1{ ]19 :]k
detd= > M]lgls (4.18)
I<j,<.<j,<n

Dinh thirc cia 4 bang tong tat ca cac dinh thirc con cap k& nam trén k hang
i} <...<i, nhan véi phan bu dai so tuong Gmg ctia no.

2) Khai trién k cot j; <...< j,:

detd= ) M ’kafl’ Ik (4.19)

el el
I<ij<.<iy<n

Dinh thitc cia 4 bang tong tat ca cic dinh thirc con cdp k nam trén k cot
j, <...< j, nhan véi phan bu dai s6 tuong tmg ctia né.
Pic biét khi k£ =1 ta c6 cong thirc khai trién theo hang va theo cot (4.14), (4.16).

Chirng minh: Truong hop i, =1,...,i, =k:

M 1 ,k = Z SEN G - A1)+ Ao (k)

ceS,
L,....k , 1.k
1ok Z SENG " Ay 116'(k+1) - ns'(n) = Al,...,k
c'eS,

Ung v6i mdi phép thé o cia tap {L,....k} va c' ctia {k+1,...n} thi phép thé p
c6 hoan vi trong tng [o(1),...,0(k),o(k +1),...,5(n)] c6 sb cic nghich thé bang so cac
nghich thé ciia o cong v6i sd cac nghich thé ciia o'. Do d6 sgnp=sgno-sgnoc'. Vi
vay moi tich

SENC - A1)+ Ako(k) *SENC " U116 (k+1) -+ Pnc(n)

1a mot hang tir trong tong cuia det 4. Néi cach khac M i’ ’kM k chi bao gom cac

hang tir ctia det 4; n6 1a mot bo phan trong biéu thire tong cta det 4. Trudng hop tong

quat M ljl’ ’kj" ta bién doi hang va cdt cia det 4 dé dua M: Jio- l’kj" vé dinh thirc con bac
150 I seens
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k goc trén bén trai. Ta thyc hién i, —1 lan d6i chd hang thir j; dé dua vé hang thu 1,
.y iz —1 lan d6i chd hang tht i, d& dua vé hang thtr k. Tuong tu d6i chd
J1—Le i —1 lan dé dua cac cot J1oeeos Jk vé cac cot 1,....k . Vi vay dinh thuc doi dau

(_1)(1'1 D4+ —D+( —D+..+—D _ (_1)i1+...+ik+jl+...+jk .

il
Khi d6i vi tri nhu vay dinh thirc bu cia M S l’fk vanla M,k
19 BLe l’ otk

ool Ji et o T g 1o A , , 5
Do d6 Ajl’ 2k = ()it j"Mll 2%, nhu vdy cac hang tor cia
1’ ’k 199tk

Mljl’ l’J" AJ“ ZTJ" cling chi 1a cac hang ttr ctia det 4.
[ eeeale I seenslg

Mit khac moi Mfl’ Ik AJ" “Jk ¢ k!(n—k)! hang ti. S& cac dinh thie con

B seesly I el

Mjl’ =Jk trén k hang i,...,7; bang s6 cac to hop n chap k va bang C,];

I ’k

Cac hang tir ctia Mjl’ Z’J" AJ“ ?]k va MJI’Z’J" Ajl’l’Jk khéc nhau ting doi
I peensly I 5eenslg U 5eensly L 5eesly

mét néu {jl""’jk} z {j'l”“’j'k} .

Do d6 tong Z Mljl’ l’k]"A]l’ ’kj" co Ckk'(n k)!'=n! hang t&r phan biét
19000 ]7 7
I<j<..<j<n

ciia det 4 nhung det 4 ciing chi c6 n! hang tir. Viy mdi hang tir ciia det 4 déu la
hang tir ndo d6 ctiia mot trong nhirng M{l lkj" A{l ”kj" véi 1< ji <...< j, <n.Vayta
c6 dang thuc (4.18).

Cong thirc khai trién theo cot (4.19) dugc chimg minh truc tiép hoan toan tuong

tur cach trén hodc c6 thé suy ra tir két qua trén va 4p dung tinh chit det 4 = det A

Vidu 4.18:
a, ... ay 0 . 0
Qi G| Dtk e Ytn
Ay ... Gy 0 .. 0 . . : : .
D, = = : o : . : 1(4.20)
Qesrr - Gtk | Gtk o Ghln
. . . . . . Arr - Q|| Quken Aun
A e Ay Ay e Ay
Giai:

Tu diéukién 1< j <...< j, <n = j, >k.
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% Néu ji >k thi M{">/k =0 vi dinh thitc nay c6 it nhat mot cot bang 0.

gesey

. all alk
® Néu jy =k thi M =My = '
akl akk

At1k+1 - Qk+ln
A L..,k_ 1+ +k+1+--+k . . .
va Al = (-1

.....

Ank+1 Ann
air - YUk ||9k+1k+1 0 Yt
Vay D, - . . : . :
Arr - k|| Gnk+1 Ann
a b
c d b 2 2 2
a
Vidu4.19: Tinh D, =le f 2 2 2|= d‘ -1 -4 —6|=24(ad —bc);
c
g h -1 -4 -6 2 -1 -7
i j 2 -1 -7

(Xem Vi du 4.16).

Vi du 4.20: Vi hai ma tran vudng cung cap 4, B bat ky ludn c6
det AB =det Adet B 4.21)

That vay, gia sir A= [ay]nn B= [b,-j]nxn,

n
C=4B = [Cij ]nxn, Cij = Z aikbkj
k=1

Xét dinh thirc cip 2n:

e
0
0
e
.
.
0
‘e
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Khai trién Laplace theo n hang dau ta c6 D,, =det Adet B (xem vi du 4.14). Mat
khéc, nhan by, v6i cot 1, by v6i cot 2,..., b, v6i cotn cia D,, xong cong tat ca vao

cot n+1 thi dinh thic D,,, tr¢ thanh:

all aln cll O O

a, o Gy, ¢y 0 0

~., 0 by b
O 1 0 by, b,

Tiép tuc bién doi twong ty nhu trén cudi cung dugc:

n_

6111 aln Cll Cln

D _ anl a,m Cl’ll Cnn

SC . O 0 0
I O

O -1 :0 0

_L". O Cll Cln
1+2+..+n+n+l+..42n o, :
D2n = (—1) - . . .

2;1(2;1+1)+

_(-1) 2 .detC=detC.

4.5 UNG DUNG PINH THUC PE TiM MA TRAN NGHICH PAO
4.5.1 Dinh nghia ma tran nghich dao

Ta da biet vanh (-4, ,+,.) cac ma tran vudng cap n 1a khong nguyén, vi vy véi
ma tran vuong cho trude chua chiac da c6 ma tran nghich ddo doi voi phép nhan ma
tran.

Dinh nghia 4.4: Ma trin vuong A duoc goi la kha nghich néu ton tai ma trn vuong

cung cdp B sao cho AB=BA=1.
Phép nhan ma tran c6 tinh két hop nén ma tran B ¢ dinh nghia trén néu ton tai

thi duy nhat, ta goi ma tran nay la ma trdn nghich dao cia A, ky hiéu A1

102



CHUONG 1V: PINH THUC

4.5.2 Piéu kién cin va di dé ton tai ma tran nghich dao

Pinh 1y 4.5: (diéu kién can) Néu A kha nghich thi det A# 0 (ta néi ma trgn A khéng
suy bién).

Chiing minh: A4 =1 = detAdet A =det A4 =detl =1.

Do d6 detA4= #0

det 47! '

Dinh nghia 4.5: Ma trgn B = [AU] , trong do A la phan bt dai s6 ciia phan tir aj

nxn

cua ma trgn A= [aij} , duwoc goi la ma tran phu hop cua A.
nxn

Dinh Iy 4.6: (diéu kién da) Néu det 4= 0 thi 4 kha nghich va

| Q-
B, 4.22
det 4 ( )

A7 =

véi B 1a ma tran phu hop cta 4.
Chirng minh: Khai trién dinh thirc cia ma tran A theo hang thr £ ta duogc:
ap gy + ...+ ag, 4y, =det 4.
Vi vay tong a;; Ay + ...+ aj, Ay, 13 khai trién theo hang thtt & ctia dinh thtc cia ma

tran c6 dugc bang cach thay hang th k& ctia A boi hang thir i ctia 4, do d6 bang 0
(vi hang thir k& va hang thtr i bang nhau). Vay

det4 néu i=k ;
aj A +...+a;, 4, = o = AB =(det A)!. (4.23)
0 néu i #k
Tuong tu, khai trién theo cot ta co:
det4 néu i=k ;
ay A+t a,; Ay = o = B'A=(detA)I . (4.24)
0 néu i #k

Cong thirc (4.23)-(4.24) suy ra két qua (4.22).

Hé qua 4.7: Néu BA=1 hodc AB=1 thiténtai A va A4 =B.
Chiing minh: BA=1 = detA#0 = 347 va

B=BAAHY=BHA" ' =47",
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b ,
H¢ qué 4.8: Ma trén 4= {a d} vudng cap 2 v6i dinh thirc |4|=ad —bc#0 ¢6 ma
C

d - d —b
tran nghich déo la A7 = ! | = ! .
ad —bc|-b a ad —bc|—c a

) 5 7 . . _ o o1 119 -7
Vidud4.21: A= 3 9 co ma tran nghichddaola 4 =— .

24| -3 5
1 2 3
Vidud4.22: Matran A=|2 5 3|coddetd=-1.
1 0 8
5 3 2 3 25
A = (=D =40, 4, =(-)""? =—13 , A5 =(-DI* =5,
11()08‘ 12()18 13()10
2 3 13 1
Ay = (=1)*" =-16 , 4y, =(-1)**? =5, A =(-1)*" =2,
21()08‘ 22()18 23()10
2 3 1 3 1 2
Ay = (=1 =9, Ay, =(-1)*"? =3, Ay =(-1)*" =1,
31()53‘ 32()23 33()25
1 40 -13 -51% T[40 —-16 —9] [-40 16 9]
Vay A l=—|-16 5 2| =—-13 5 3 |=|13 -5 -3|.
9 3 1 -5 2 1 5 -2 -1
2 5 3
Vidu4.23: Matran A=|7 3 2| c6 detd=-56.
4 1 3
3 2 7 2 7 3
Ay = (=D =7, A =(-D'*? =—13, 4y =(-D'*? =-5,
=D | 3‘ 12 =(=1 4 3 13 =(-D 41
51 2 1 2 5
Ay = (=D =14, Ay = (-1)**? =2, dyy=(-1)*" =18,
1 =1 { 3 h =(=1 13 3 =(=1) 41
51 21 2 5
Ay = (=1)°H =7, Ay, =(-1)**? =3, Ay =(-1)*" =-29 ,
31 =(-1) 3 7 3 =(=1) - 33 =(-1) 7 3
t
1 7 -13 -5 1 7 -14 7
Vay A l=—|-14 2 18 | =——|-13 2 3
~56 56
7 3 =29 -5 18 -29
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4.5.3 Tim ma tran nghich dio theo phwong phap Gauss-Jordan

Tinh chat 3.5 muc 4.2 chuong 3 chi ra rang: viéc thuc hién lién tiép cac phép
bién ddi so cap 1én cac hang clia ma tran 4 dé dua 4 vé ma tran don vi tuong ung voi
viéc nhan bén trai cia 4 cac ma tran Ey,...,E; dang R(k,A), P(i,j), O@,j,\A) (xem

3.15,3.16, 3.17) sao cho E;...E, A=1.Matkhac theo Hé qua 4.7 thi A= E\..E}.

Ciing v6i lap luan nhu trén ta c6: E...E, = E,...E,I 1a ma trdn c6 duogc bang
cach thuc hién boi cung cac phép bién ddi so cap twong tng nhu da thuc hién d6i véi
ma tran A4 1&n cac hang cua ma tran don vi /. Vi vay dé tim ma tran A ta thuc hién
cac budc sau:

1) Viét ma tran don vi / bén phai ma trdn A: Al
2) Thyc hién cac phép bién ddi so cap dong thoi 1én cac hang cua A|I dé dua
matran 4 O vé trai vé ma tran don vi /.

3) Khi vé trai tré thanh ma tran don vi thi vé phai 1a ma tran A7

Al —>.......... 1A' (4.25)
1 2 3
Vidud.24: Tim A véi 4=|2 5 3 (vidu4.22)

1 0 8

1 2 311 0 0 hy — Iy 1 2 3|1 0 0
—2h1+/’l2—>h2

2 5 30 1 0 —hl+ﬁ>—>h3 0 1 3-2 1 0

1 0 80 0 1 0 -2 5|-1 0 1

1 2 31 00 4, 55, 1 2 31 0 0

hl—)hl _hlz_))lz

hoh 0 1 -3=2 1 0 R0 132 10
2h h h

27878 0 —1l-5 2 1 0 1|5 -2 -1

0 040 16 9
I 013 -5 -3
0 15 -2 -1

Sy ek o] 2 0-14 63

3ha + hy —> h >y
3@3@ 20 1 013 -5 -3 B3
0 0 1 5 -2 -1

=
RS
+
&
=
O =

S
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40 16 9
Vay A= 13 -5 -3
5 -2 -1

Nhén xét 4.2: Tim 4™ theo phuong phap Gauss-Jordan s& dé dang khi cac phan tir

cua A~ 1a cac s6 nguyén (thudng gip khi det 4 = £1).

4.6 TIM HANG CUA MA TRAN BANG PINH THUC

Pinh thirc cia mot hé phu thudce tuyén tinh bang 0 (xem Tinh chat 4.2-7). Do d6
néu dinh thirc Dy {vy,...,v,,} # 0 thi hé {v,...,v,} doc 1ap tuyén tinh.

Nguoc lai, néu hé {VIseesv, | d0c lap tuyén tinh thi Dy {VIse v, } # 0. Thét véy,

gia st hé {v,..,v,} c6 ma trdn trong co s6 B ={e,...e,} 1a A:[aij], nghia 1a

V; =Zn:al-jei . Taco det 4 =D,%{v1,...,vn}.
i=1

Mat khac vi hé {Vl yeers vn} ddc lap tuyén tinh nén no cling la mot co so cua V.

ij Vi
i=1

n
Viy ta co e; :Zb~v~ .bat B :[bij], ta c6 thé kiém tra duoc AB=I=det4#0.

Dinh 1y 4.10: H¢ {vl,...,vn} doc lap khiva chi khi D {vl,...,vn} #0.

: 2 B . . o
Nhén xét 4.3: Ta da chung minh dugc néu 7 = [tlj} la ma tran chuyén tir co s6 &

3"

sang &' thi ma tran chuyén tir co s& B' sang B 1a T L.
B B B A
T_[zl.j]%, = [z U]ﬁ =T (4.26)

Dinh ly 4.12: Gid su A= [aij] la mét ma trgn ¢& mxn. Néu ton tai dinh thirc con

mxn

ciap p cua A khdc 0 va moi dinh thitc con cdp p+1 bao quanh né déu bang 0 thi
r(A)=p.
Chirng minh: Khong mat tinh tong quét ta c6 thé gia thiét dinh thirc con cap p goc

tréi M*7 % 0. Khi do p véc to cot dau doc lap tuyén tinh, vi néu cé mét véc to 1a 6

A o ) . \ R X g ea i X L., . ,
hop tuyén tinh cia p—1 véc to con lai thi mau thuan voi gia thiet M, 5 #0 (dinh ly

4.10), do @6 r(4) > p. Ta can chimg minh bat dang thirc nguoc lai.
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Véimoi k=1,....m; s=p+1,...,n; Xét ma tran cép p+1:

app e e A, A
Ay e ey, A
B : .
Apl o e Apy Ay
Al e e Gy Gy |

Khi k < p: Matran B c6 hai hang bang nhau, do d6 detB=0.
Khi k> p: detB=0, vi det B 1a dinh thirc cip p+1 bao M 115 .
Mit khac khai trién theo hang cudi ta duoc dang sau:

Qi + ot Aty + ag M P =0

= ap, = May +...+kpakp ,voimoi k=1,2,...m.

Vi vy véc to cot v, 1a t6 hop tuyén tinh clia p véc to cot dau. Vay r(4)< p. ®

Hé qua 4.13: A la mot ma trdn c6 mxn thi r(4A) =r(4") <min(m,n).

Nhén xét 4.4: Dé tim hang ma tran A ta tim dinh thirc con cép 2 khac 0. Bao dinh
thirc nay bdi cac dinh thirc con cép 3. Néu tit ca cac dinh thirc cAp 3 bao quanh déu
bang 0 thi 7(4)=2. Néu c6 dinh thic con cap 3 khéac 0 thi ta tiép tuc bao dinh thirc
cip 3 ndy boi cac dinh thirc cip 4...

2 1 -2 3
Vidud4.25: Matran A=|-2 9 -4 7 |cbd:
-4 3 1 -1
2 1 =20 |12 1 3
2 1
=20, -2 9 —4=-2 9 7|=0.
-2 9
-4 3 1 -4 3 -1
Vay r(4)=2.
(2 1 0 4]
-4 -2 1 -7
Vidu 4.26: Ma tran B =
3 1 -1 4
1 4 3 -4
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2 1 0
=0 nhung =1.
-4 -2 -2 1
2 1 0
Bao dinh thirc ndy boi dinh thirc cap 3: |-4 -2 1|=1.
31 -1
Dinh thitc cép 4 chinh 1a dinh thirc |B|=0.
Vay r(B)=3.
(a 1 1 1]
1 a 1 1
Vidu 4.27: Tim hang cuia ma trdin A =
1 1 a 1
1 1 1 a]
Ta co ‘A‘z(a+3)(a—l)3.
Vay: eKhi a#-3,a#1thi r(4)=4,
eKhi a=1thi r(4)=1,;
1 -3 1
eKhi a=-3,(1 1 =-3#0= r(4)=3.
1 1 |

Trong thyc hanh ta c6 thé két hop phuong phap nay véi phuong phép bién dbi so
cép 1én cac hang cac ¢t ma tran thi qua trinh tim hang ma tran s€ nhanh hon.

BAI TAP CHUONG 1V

S 1 2 3 4 5| . 1 2 3 45
4.1) Cho hai phép thé c = va U= .
2 4513 4 1 3 5 2

a) Xac dinh cop, poo, c .

b) Xéc dinh ddu: sgno, sgnp, sgn(cop),sgn(neo), sgno .

4.2) Tinh céc dinh thtrc sau:

11 1 2 1 1
a) -1 0 1 b0 5 -2
-1 -1 0 1 -3 4
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2 -1 4 7 6 5
ol6e -3 -2 Hll 2 1
4 1 2 3 2 1

4.3) Tinh cac dinh thuc sau:

0 1 1 1 2 =5 1 2
1 0 1 1 -3 7 -1 4
a) b)
1 1 01 5 -9 2 7
1 110 -6 1 2
7 6 3 7 -5 8 4
3 57 2 7 5 2
c) d) .
5 4 35 3 7
5 6 5 4 —4 -8 -3
. a—-b a
4.4) Tinh dinh thuc .
a a+b
4.5) Tinh cac dinh thirc
t—2 =3 t-5 7
a) b) .
-4 -1 -1 t+3
e k
4.6) Tim céc gia tri cia k sao cho 2k‘ =
4.7) Tinh dinh thirc cia cac ma tran sau:
_ '3 2 -5 4]
/2 -1 -1/3
-5 2 8 -5
a) A=|3/4 1/2 -1 b) B=
-2 4 7 -3
1 -4 1
- 2 3 -5 8
[t+3 -1 1
cC=| 5 -3 1
6 -6 t+4
4.8) Tinh dinh thirc cia cac ma tran sau:
t-2 4 3 t—-1 3 -3
a) A=| 1 t+1 =2 b) B=| -3 t+5 -3
0 0 -4 -6 6 t-4
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+3 -1 1
c)C=| 7 -5 1
6 —6 t+2
1 x x> x°
4.9) Giéiphuongtrinh:l 2 4 8 =0.
1 3 9 27
1 4 16 64
2 99
4.10) Biét 299, 966, 161 chia hét 23. Chimg minh |9 6 6| chia hét 23.
1 6 1

4.11) Khong can tinh dinh thie, chimg minh cac dang thirc sau:
a b ax+by+c| |ag b ¢
a) 612 bz Clzx + bzy + C'z = 612 b2 C'z
(13 b3 a3x + b3y + C3 Cl3 b3 C3

a+bx a-bx ¢ a b q
b) Clz +b2x az_bzx C2 :—2x a2 b2 Cz
a3 + b3x 613 — b3x C3 613 b3 C3
1 a bel 1 a a? 1 a o 1 a d*
Ol b cal=|l b B dll b Pl=@+b+o)l b b?
1 ¢ abl )| ¢ ¢ 1 ¢ & 1 ¢ ¢
1 & & 1 a a°
ol b bl=(ab+bc+ca))l b b*
1 2 & 1 ¢ ¢
1 1 |
X 29) Xn

4.12) Cho dinh thiec Vandermond D, =

n (k-1 n=1( n
Chung minh: D, = H (x; —xﬂzH(H(xk —xi)Jzn( H (xg —xl-)].

1<j<i<n k=2\i=1 i=1 \k=i+1
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a x Xx
Clz X
413) Tinh D,={x x a3 .. x
X x Xx a,
a b ¢ d
b d -
4.14*) Chimg minh a) ¢ U= (@ b2+ +d?)?
—c —-d a b
-d ¢ -b a
a -b —-a b
b -b -
byl Yo a4 +d?)
c —-d ¢ -d
d ¢ d c
l+a, a, a,
a l+a, a,

4.15*) Chirng minh =l+a +ay+..+a,

4.16%) Cho dinh thirc D, = det| a; | v6i a;; bing 1 hodc —1, v6i moi i, j =1,....n.
a) Chimg minh D, 1a mot s6 chin;
b) Tim gi4 tri 16n nhét cta cac dinh thic Dy;
¢) Chimg minh D, <(n-1)(n—1)! véimoi n>3.

4.17%) Tinh dinh thirc cia cic ma tran vudng cip n trong cac trudng hop sau:

a) a; =min(, j), b) a; = max(i, ),
/ T+ j-1)!
1 2 n-1 n
n 1 n-2 n-1
4.18) Tinh D, =n—-1 n n-3 n-2

2 3 .. n 1

a; (0| = Y a'y(0)45(x) .

i,j=1

4.19) Ching minh 4
dx

111



CHUONG 1V: PINH THUC

4.20) Tim A dé hé véc to sau phy thudc tuyén tinh:

u= }\'a__la__l s V= __15}\'9__1 s W __19__19}\' .
22 2 2 22

4.21) Tim hang cta cac ma tran sau:

4 3 -5 2 3
2 -1 3 2 4 8 6 -7 4 2
a) A=|4 2 5 1 7 b)B=|8 3 -8 2 7
2 -1 1 8 4 3 1 2 -5
8 6 -1 4 —6]
3 1 2] -1 2 1 -1 1]
C)C:14 7 2 d)D:m—11—1—1
1 10 17 4 1 m 0 1 1
4 1 3 3] 12 2 -1 1]

dao:
2 1 -1 1 4 2
a) A=|0 1 3 by B=|-1 0 1
21 1 2 2 3
1 -1 2 1 1 2
o C=(-1 2 1 dD={2 3 2
2 3 2 1 3 -1
1T 1 1 1]
1 1 -1 -1
e) E=
1 -1 1 -1
1 -1 -1 1]
-1 3 -3
4.23)Cho A=| -3 t+5 -3
-6 6 -4

a) Tim céc gia tri cua ¢ d& 4 kha nghich.

b) Khi r=3 tim 47".
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t+1 7 3
4.24)Cho A=| -1 -1 2
t-5 2t-5 t-6
a) Tim céc gid tri cua ¢ dé A kha nghich.
b) Khi =2 tim 4.

4.25) Gid st A 1a ma tran chéo va B 1a ma tran tam giac c6 dang:

al 0 oo 0 bl 012 e Cln
i 0 a, - 0 5o 0 b, - o,
0 0 - a,] 0 0 - b,

a) Chung t6 rang ma tran phu hop ctia 4 c6 dang chéo va ma tran phu hop ciia
B c6 dang tam giac.

b) Chimg to rang B kha nghich khi va chi khi moi b; #0; do do A kha nghich

khi va chi khi moi a;, #0.

¢) Chung to rang néu A, B kha nghich thi ma tran nghich dao tuwong tng c

dang:
a0 0 | b7 dy, d,, |
R a,” 0 | |0 b, d,,
0 0 a,” | 0 0 b,
I, 0
4.26) Ching t6 ma trdn vudng kha nghich, v6i A€ A, . Tim ma tran
A Iq qxp

nghich déo.
4.27%) Chung t6 rang néu P lap= Q_IBQ thi ton tai cac ma tran R va S sao cho
A=RS, B=SR.

4.28) Chung t6 rang moi ma tran vudng phan ddi xtmg (4’ = —A4) cip 1¢ 1a suy bién.
Ma tran vudng phan d6i ximg cap chin c6 suy bién khong? Ching minh rang ma tran
nghich dao ctia ma trdn phan dbi ximg cling 1 ma tran phan déi xtmg.

4.29*) Tim ma tran nghich ddo cua cac ma tran vuodng cap n sau:
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1 1 1 ... 1 o 1 1 .. 1
1 0 1 .. 1 0o 1 .. 1

a) A=|1 1 0 .. 1 b) B=[1 1 0 .. 1
111 0 111 0]
- - i 2 no |
A1 0 0 O 1 a a a
0 A 0 0 01 a .. a"!
_O 0 O coe }\4_ _O O 0 1 |

4.30%) Chumg minh néu 4* =0 thi 7+ 4, I — 4 kha nghich.

4.31*) Chimg minh néu 4" =0, B” =0 va AB = BA thi I + A+ B kha nghich.
4.32*) Chirng minh rang néu (I + A)* =0 thi detA4#0.

4.33*) Chting minh néu 7 + AB kha nghich thi 7 + B4 ciing kha nghich.

4.34*) Tim tat ca cic ma trin vudng cip n dang tam giac 4 = [aij], a; >0 co

ij

A7 =[b; ], ;>0

4.35*) Gia str ma train 4 vudng cip n thoa min (XA)2 =0 v61 moi ma tran X vudng

cap n. Ching minh 4=0.

4.36*) Chimg minh dang thirc Wagner dung v6i moi ma tran 4, B,C vudng cap 2:
(AB— BA)*C—C(AB—-BA)* =0.

4.37*) Cho hai ma trdn 4, B vudng cap n thoa man tinh chdt AB—BA=B.

a) Chimg minh AB* = B¥(4+ k) v6i moi k.

b) Tr do suy ra det B =0.
4.38) Cho ma tran khbi M = {Ié ?} , trong d6 A4, C 1a hai ma tran vuong. Chung
minh rang |M| = |A||C| .
4.39) Cho 4, B, C, D 1a cic ma tran vudng cap n giao hoan. Ching minh rang ma

tran khdi M :{g g} vudng cap 2n co dinh thirc |M| :|A||D|—|B||C|.
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